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0. INTRODUCTION 
The octahedral axiom has always been viewed as the “mysterious” axiom 
of triangulated categories. The thrust of this article is that the right object 
to study is not octahedra, but mapping cones of maps of triangles. 
Given a morphism of triangles 
one can form its mapping cone, the sequence 
and this mapping cone should, by rights, be a triangle. It is, for instance, 
true that any homological functor applied to (*) gives a long exact 
sequence. Unfortunately, the world of triangulated categories is a bad one, 
and (*) need not be a triangle. It is however true that, givenf and g, there 
exists an h for which (*) is a triangle (see Theorem 1.8); not all morphisms 
of triangles are equal. Some are better than others. It turns out that 
Theorem 1.8 is equivalent to the octahedral axiom. 
In the first two sections of this article, we study two possible notions of 
“good” morphisms between triangles, and we quickly decide that neither is 
satisfactory. The morphisms do not compose well; the composite of good 
morphisms need not be good. Worse still, the non-category of good 
morphisms is non-additive; the sum of two good morphisms need not be 
good. 
The problem goes right back to the definition of a triangulated category. 
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Let us accept as our starting point that the homotopy category and the 
derived category ought to be prototype triangulated categories; then one 
discovers that they have a far richer structure than is captured by the 
axioms of triangulated categories. Most notably, there is a very natural 
notion of “good” morphisms between triangles. 
Precisely, suppose we start with a commutative square in K(d), the 
homotopy category of an abelian category .d 
/I + 
X’,, Y’ 
Then we may choose U, u’, f, and g to be actual chain maps representing 
the morphisms, and if we do then g 0 u # U’ 0J: The diagram only commutes 
up to homotopy. There is a chain homotopy H: X-t Y’ measuring the non- 
commutativity. A moment’s thought will convince the reader that the 
induced map of cones h: C(X+ Y) -+ C(X’ + Y’) depends on U, u’, f, g, and 
H. The “natural” ambiguity of the map h is the ambiguity introduced in the 
choice of H. But, if H’ is another homotopy, then H’- H is a chain map 
H’ - H: XX + Y. Thus, in the morphism of triangles 
h is indeed ambiguous; we may replace h by h + v’(H’ - H)w. This is the 
extent of the natural ambiguity. However, if we only insist that h should 
make the diagram commute, then we discover that usually there will be 
even more choice for h. 
Thus, this article proposes that the right notion of a triangulated category 
is one that comes along with a category of triangles and “goods” maps, i.e., 
maps whose ambiguity is as above. This notion is axiomatized in Section 3. 
I came across the problems studied here by trying to define a K-theory 
for triangulated categories. One defines the K-theory to be a certain simplicial 
set, where the simplices are complicated diagrams of triangles. The simplicial 
homotopies one naturally constructs lead one to look at mapping cones of 
triangles. 
In the K-theoretic application one can skirt the issues studied here in a 
number of ways. Perhaps the simplest is to replace the category of triangles 
by the smallest category containing them, closed under mapping cones and 
taking direct summands. But nevertheless the algebraic questions studied 
here are natural and should be explored further. In Section 4, I try to 
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illustrate an example of what should be possible with a liner axiomatic 
description of triangulated categories. 
Section 5 gives some applications of the results outside K-theory. It is an 
immediate consequence of the new axioms that given a triangulated 
category .F with a t-structure, there is a functor Dh(%) + Y, where %? is the 
heart. Unlike the known proofs, this argument does not use filtered derived 
categories. We also settle a question of Rickard’s, showing that a functor 
from Db(R) to itself fixing the heart must be naturally isomorphic to the 
identity. 
I would like to thank Keller for helpful comments. 
1. THE MAPPING CONE CONSTRUCTION 
Let F be a triangulated category. Suppose 
is a morphism of triangles. Each triangle may be viewed as a chain complex 
in the additive category F (to think of it this way, the reader may wish to 
extend each row indefinitely in both directions; thus a triangle becomes a 
chain complex with a “twisted period,” the twisting coming from the 
suspension functor). Viewed this way, the morphism of triangles naturally 
gives rise to a mapping cone; as is standard in homological algebra, one 
considers the sequence 
and the reader will easily check that this sequence is also periodic with the 
same twisted period. It is natural to ask whether this sequence arises from 
a triangle. 
Again, from homological algebra, it is standard that there are maps of 
chain complexes 
1 
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The top row is clearly a triangle, but so is the bottom row. Recall 
that axiom TR2 (the turning of the triangle) establishes that 
y-5 2, cx-==+ CY is a triangle, while the isomorphism 
Y--L z MI 2x3 zy 
li -‘I ‘I 4 
Y- z -~ Li T cJ-3 2i-y 
establishes (by TRl; every isomorph of a triangle is a triangle) that the 
bottom row in the diagram (*) is indeed a triangle. The middle row, being 
an extension of one triangle by another, should by rights be a triangle. We 
will show that it need not be, and that this is a serious shortcoming of the 
formalism of triangulated categories. 
DEFINITION 1.1. Let F be a triangulated category. Define the category 
CT(F) = (the category of “candidate triangles” of F) to have for its 
objects sequences 
such that u 0 U, w 0 u, and Cu 0 w are all zero. A morphism in CT(F) is a 
C-periodic chain map, i.e., a morphism 
A homotopy of two chain maps is a map 
where 
f’-f=Fu+(r’(w’))~(C-‘(H)) 
g’-g=Gu+u’F 
h’-h=Hw+v’G, 
i.e.,. we only want to consider homotopies with the same twisted period. 
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1.2. Elementary Properties of CT(F): (a) There is an auto- 
morphism 2: CT(F) + CT(F) (which should not be confused with the 
automorphism C: F + F) which takes 
to the candidate triangle 
(b) Given two objects X’ and Y’ in CT(F) and a morphism in 
CT(F) f: A” + Y’, there is a way to construct the “mapping cone” on 
f: X’ + Y’ (see above). 
(c) Inside CT(F), there is a full subcategory T(F) of true triangles 
in F. We have already discussed the fact that T(9) is closed under 2:; but 
it is not clear whether if f: X’ + Y’ is a morphism in T(F), then the cone 
C(X’ + Y’) is an object in T(F). Our problem will be to investigate this 
further. 
Having thus restated our problem, we begin: 
LEMMA 1.3. Let 
/ 
X': Y' 
1' 
be two morphisms in CT(r). If f and f’ are homotopic (i.e., if there is a 
homotopy as in Definition 1.1 between them), then the cones are isomorphic: 
C(X. f Y’) E C(X’ Jk Y.). 
ProoJ: This is standard from homological algebra, and the point is that 
if the homotopy is periodic, then so also is the isomorphism. 
LEMMA 1.4. Let A” and Y’ be objects in T(F). Then the cone on the zero 
map C(X. 0, Y’) is in T(F). 
Proof This is really the statement that T(F) is an additive category. 
Given two triangles 
and 
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is a triangle. The reason this is true is that we may complete the squares 
X-Y A--Y’ 
I I and I I 
X0X’- Y@ Y’ X0X’- Y@ Y’ 
to morphisms of triangles; thus we obtain a commutative diagram 
x@x’ G 3 ) y@ y’ G 3 , zoz’ a z;u@cx’ 
1 
I 
1 I I I I (**) X@X’------+ 
G 9 
Y@ Y’.F -ZX@CX 
where the bottom row is a triangle. Now, if A is arbitrary, we deduce a 
commutative diagram with exact rows 
Hom(A, X@ x’) - Hom(A, Y@ Y’) - Hom(A, Z@ Z’) --+ 
I I I 
Hom(A, X0X’) --+ Hom(A, Y@ Y’) - Hom(A, F) ----+ 
- Hom(A, 2X@ EX’) - Hom(A, L’Y@ CY’) 
I I 
--+ Hom(A, 2x0 CX’) - Hom(A, 2Y@ CY’). 
The 5-lemma establishes that Hom(A, Z@Z’) + Hom(A, F) is an 
isomorphism, hence Z@ Z’ + F is also an isomorphism, because A is 
arbitrary. Therefore, the top row in (**), being isomorphic to a triangle, is 
a triangle. m 
DEFINITION 1.5. An object X’ of CT(r) is called contractible if the 
identity X’ - X’ is homotopic to the zero map. 
LEMMA 1.6. Any contractible object of CT(y) is in fact in T(r). 
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ProoJ Let X’ be a contractible object in CT(F), i.e., we may choose a 
contracting homotopy on X’ 
Let XL Y& Z’ -% CX be a triangle in F. Now observe that 
u 0 u = 0, thus there exists a 8: Z’ + Z rendering commutative the diagram 
Also, because Cu 0 w = 0, there exists a cp: Z + Z’ rendering commutative 
the diagram 
Define O:Z’-+Z by 
0 = vGQ + Hw’ 
and define @: Z -+ Z’ by 
@ = u’G + rpHw. 
The reader will easily check the commutativity of the diagrams 
228 
and 
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Perhaps the easiest way to establish that @ and 0 are isomorphisms is 
to repeat the proof of Lemma 1.4. Applying the functor Hom(A, -) to the 
diagram 
we obtain a diagram in which the bottom row is exact because 
X+ Y -+ Z’ -+ CX is a triangle, while the top row is exact because it is a 
contractible chain complex. 1 
LEMMA 1.7. Let X’ and Y’ be objects of CT(F), with X’ in T(F) and 
Y’ contractible. Then, for any morphism f: X’ --+ Y’, the cone C(X’ f Y’) 
is in T(F); similarly, the cone on any f: Y' + X' is in T(F). 
Proof: The statements being dual, it suffices to prove the first. But Y’ 
is contractible, hence f is homotopic to the zero map. Therefore, the lemma 
follows from Lemmas 1.6, 1.3, and 1.4. 1 
THEOREM 1.8. Let 
be a commutative square in Jo-. When we complete each row to a triangle, 
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then there exists some h for which the mapping cone on (f; g; h): 
(X, Y, 2) + (X’, Y’, Z’) is a triangle. 
Proof: Consider the diagram 
x---L Y--L z A cx 
1 d -i 
X’ 7 Y'- Z'- cr. D' w,' 
From the diagram we build an octahedron whose bottom half is 
The reader may wonder how one might establish that the triangles 
I claim to be distinguished actually are. For 
X’@Y--+X’OY@Y’- Y~G(iv@Y) 
this is clear; this object in CT(r) is contractible, and Lemma 1.6 applies. 
In the other example, we have 
X0X’+ Y@X’@ y’+ Y’@z+qx@x’) 
and the reader will note that the maps express this as the direct sum of the 
triangle A’& Y 2 Z-J& CX and the contractible 
y----b x’@ Y’--+ Y’L L-X’. 
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The top half of the octahedron is 
0 
X’Q Y 
(;I’ -g 
t Y’QZ 
where G( and fi exist by the octahedral axiom. Once again, we need to check 
that the triangle we claim distinguished actually is. The reader will check 
that it is the mapping cone on the map 
where the top row is contractible while the bottom is a triangle. 
The map CI is a completely determined by the composite 
which is equal to 
I 0 
(S,’ $f ) ( > 
0 zu 
Z’QZX- X’Q YL X’Q YQ Y’, 
i.e., 
about the map fi we know less. However, the composite 
X’Q YQ YY’ 
(ii 2 3 ) y’Qz B - Z’QCX 
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allows us at least to compute the composite Y’ + Y’ @Z + Z’ @ CX. We 
obtain this from the composite 
X’@ ye y’ (-u’.-.x,1) , y' (%I t z’ocx, 
i.e., we obtain that the map Y ‘-+ Y’@Z+Z’@cX is (d). Last, the 
commutativity of the triangle 
CX’ @ cx 
(;;“ y’, 
1’ 
Z’@CX G -“,.I 
\ /f 
Y’cijZ 
allows us to deduce that the composite Z -+ Y’ @Z A Z’ @ CX + CX is 
-1~. Thus the matrix of fl is (g -t,) for some h: Z + Z’. We obtain a 
triangle 
and the reader will easily verify that, simply because the successive com- 
posites in this sequence are zero, it follows that we have a map of triangles 
DEFINITION 1.9. A morphism of triangles will be called “good” if the 
mapping cone is a triangle. Thus Theorem 1.8 may be rephrased to state 
that any commutative square in F may be completed to a good morphism 
of triangles. 
The next obvious question is how unique is the good morphism h. 
I cannot answer this in general, but let us treat two simple cases. 
Case 1. Iff and g are isomorphisms, then any h will do. 
ProoJ: Given a morphism of triangles 
x-Y-z-zx 
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it is well known that if f and g are isomorphisms, then so is h. Then the 
commutative diagram 
gives an isomorphism of the cone on the morphism (f; g; h) with the cone 
on the identity; but the cone on the identity is well known to be contrac- 
tible. 1 
Case 2. f=g=O. 
In this case, we have to answer the question: for what h: Z -+ Z’ is the 
mapping cone on the chain map 
oy Yi 7; - 7 X’ - Y’- Z’- CX’ 
a triangle? By Lemma 1.4, h = 0 works. What are the other possible values 
for h? If the mapping cone on h is a triangle, we have two triangles 
obtained from the mapping cones on h and the zero map. The point is that 
they must be isomorphic. More precisely, the commutative square 
X’@ ,(;;a Y’OZ 
1 
I 
1 
I 
x’@Y- 
(;’ 0) y’@z 
must extend to a morphism of triangles 
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From the identity 
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(i -L)=(x f)(6 2) 
we deduce h = -pw, while from the identity 
we deduce w’fl = 0, where 8: CX -+ Z’ is some map. 
Furthermore, given such a 8, we may take 
The reader can check this will work. 
Of course, the identity w’b = 0 means that there exists a 0: CX+ Y’ with 
/I = ~‘0. Thus h = -u’0w. In other words, the possible values of h (i.e., ones 
for which the mapping cone is a triangle) are the maps which factor as 
Y-z---!Lcx 
/ 
Y’- Z’- ZX’ D’ 
Next we will show these are few; we will construct examples in which 
there exists h: Z-* Z’ such that h # u’ew, but (0, 0, h): (X, Y, Z) + 
(X’, Y’, Z’) is a morphism of triangles. 
Precisely, choose any triangle 
Consider the morphism of triangles 
If w = --W&V for 8: CX + Z, then w + wow = 0, i.e., w( 1 + 0~) = 0. This 
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means that 1 + &v = vq, i.e., 1 Z = -8w + oq. Similarly, l,, = -wf? + Z($u) 
for some II/: Y + X. Thus we have a homotopy 
with the property that -Ow+vcp= 1, $u-Z-‘(we)= 1. Put a=cpv+u$. 
Clearly, c1 is an isomorphism. Thus the triangle is contractible; the map 
(1; a; 1) is homotopic to the zero map, hence so is also (1; CI -I; 1) 0 
(1;cc; l)=(l, 1, 1). 
Therefore, for a usual triangle (one which is not contractible), the map 
has a mapping cone which is not a triangle. 
Consider T(F) c CT(F). What we have succeeded in showing is that 
among objects of T(F) there are some preferred morphisms, namely ones 
whose mapping cones are triangles. We might wish to define a category 
CT(F) whose objects are the objects of T(9) and whose morphisms are 
the good morphisms (Definition 1.9). Unfortunately, GT(F) is not a 
category. To show this, start with a triangle 
and consider the diagram 
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The middle row, being a direct sum of triangles, is a triangle. The vertical 
morphisms are good because their mapping cones can be described as 
mapping cones on a map between a contractible triangle and a triangle. 
Finally, the composite is the morphism 
which, as we know, is not in general a good morphism. 
Remark 1.10. The non-category GT(r) is also non-additive. Given 
two isomorphisms of two triangles (recall all isomorphisms are good 
morphisms by Case l), their difference is in general not good. 
PROBLEM 1.11. Theorem 1.8 establishes that every commutative square 
gives rise to at least one good morphism. The question (which I have not 
answered) remains, to classify all the possible good extensions. Precisely, 
given a good morphism 
what are the other possibilities for h? Clearly, h’ = ah/l + U’BW is a good 
morphism whenever a and /I are isomorphisms and 0: CX + Y’ is arbitrary, 
and the diagrams 
X”Y” z”‘,zx 
Ii 4 “I II 
x-Y-Z-,xX u I, ,I 
and 
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are commutative. The reader, indeed even the writer, may wonder whether 
these are the only ones. My guess is they are not, but this is a point which 
I have not checked. 
2. THE RELATION WITH 3 x 3 SQUARES 
It is well known (see [BBD, Proposition 1.1.111) that any commutative 
square 
may be completed to a 3 x 3 diagram, where the rows and columns are 
triangles, namely 
I I I I cx- CY-cz- cx ,
where the square at the bottom right is not commutative, but is anticom- 
mutative-the composite one way is minus the other composite. In our 
present frame of mind, we wish to study what possible values h may take. 
In other words, what morphisms of triangles may be completed to 3 x 3 
squares? 
LEMMA 2.1. Suppose (A g, h) are as above (i.e., they represent a 
morphism of triangles, where h was obtained as in [BBD, Proposition 
1.1.11 I). Suppose 8: ZX + Y’ is arbitrary. Then if h’ = h + v’ew, (f, g, h’) 
may also be completed to a 3 x 3 square. 
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Proof. Recall first the proof of [BBD, Proposition 1.1.111. One con- 
siders the three octahedra 
and 
(1) 
(2) 
(3) 
238 AMNON NEEMAN 
The point is that h: 2 --r Z’ is the composite /IO LX Now we study the 
triangle 
Y’ ^,,, x---i Y'-AACX. 
We were given a map 8: zX+ Y’. It follows that 1 + y’8y”: A + A is an 
automorphism, and there is an isomorphism of triangles 
X- “, Y’- AyCX. :“ 
Thus, if we replace c( by (1 + y’Oy”)cc = CY’ and 6 by 6( 1 + y’Qy”) ~ 1 = S’, 
we obtain an octahedron (1’) 
(1’) 
where (1’) is isomorphic to (1) with an isomorphism which is 1 on every 
vertex except A, where the isomorphism is 1 + y’fIy”. 
This, coupled with the proof of Proposition 1.1.11 in [BBD], clearly 
means that 80 tl’ = p( 1 + ~‘@“)a is another morphism h’: Z + Z’ which 
may be completed to a 3 x 3 square. But 
b( 1 + y’@“) c( = /?a + u’8w 
=h+u’t?w=h’. B 
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LEMMA 2.2. Suppose a commutative square is given 
X---LY 
.II 4 X’T Y’ 
and suppose that the triangle 
x”-YYZAZX 
is contractible. Then any two choices for the morphism 
I, 
z- Z’ 
-7 
which completes the commutative square to a morphism qf triangles 
X’ - u’ Y’ - I,’ Z’ - CX’ it 
differ by v’8w ,fbr some 8: LX-t Y’. That is, there exists 0: CX -+ Y’ with 
h’ - h = v’&v. 
ProoJ Let F: Y + X, G: Z + Y, H: zX+ Z be the contracting 
homotopy for the triangle X--f Y + Z -+ GX. Observe that u.’ 0 (h’ - h) = 0; 
therefore, for some fl: Z + Y’, h’- h =u’ofl. On the other hand, 
(17’ - h) c v = 0; therefore, D’ 0 /I c u = 0. 
On the other hand, 1, = 0 0 G + H c w (because of the contractibility of 
the triangle X+ Y-+Z--+CX). Thus /3=/?.lz=PovoG+p~H~~ and 
h’-h=u’,~~=v’~~~v:G+v’(~~H)M1. The first term vanishes because 
v’ 0 /ZIJ v = 0, hence h’ - h = v’dw, where 8 = p c H. 1 
THEOREM 2.3. Suppose that the morphism of triangles 
is a good morphism by Definition 1.9. Then it may be completed to a 3 x 3 
diagram. 
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Proof: Consider the morphism of triangles 
The top row, being contractible, is a triangle. The bottom row is a 
triangle by the “goodness” hypothesis on (f; g; h). By [BBD, Proposi- 
tion 1.1.111, there is some morphism cp: Z@ 2X -+ Z’O ZX such that 
(( { y), ( ; y), cp) may be completed to a 3 x 3 diagram. By Lemma 2.1, cp + 
(; -“,,) tI(,W -x) also has the above property, for any 6: xX@zY + 
Y’@ Z. On the other hand, by Lemma 2.2, all morphisms H: Z@ CX -+ 
Z’ 0 EX which induce morphisms of triangles ((i y), ( 5 y), H) can be 
expressed as H = cp + ($ ~“,.) 0( ;; -L,); in particular, we may complete the 
diagram (*) to a 3 x 3 diagram. Precisely, if 
XL X’--+ X” ---+ cx, 
Y-5 Y’--+ Y”- CY, 
and 
Z-5 Z’- Z”- zz 
are triangles, then there exist morphisms u”: X” + Y”, u”: Y” + Z”, and 
w”: Z” -+ CX” making the following diagram a 3 x 3 diagram 
X@Y - Y@Z - Z@CX - 
I 
x’@Y - Y’@Z - Z’@‘rX - .Xx’@.iTY 
I I I I 
X” u” ’ Y” 0” ’ Z” >(.‘I * CX” 
I L-(X@ Y) - C(Y@Z)--+ ,qZ@z;y) - c(cx@zY) 
NEW AXIOMS FOR TRIANGULATED CATEGORIES 241 
and the reader will easily check that we can then obtain another diagram 
where the rows and columns are triangles 
cx-CY-CZ- 2x. u 
DEFINITION 2.4. It is natural, therefore, to define a morphism of 
triangles (f; g; h) to be middling good if it may be completed to a 3 x 3 
diagram. Theorem 2.3 proves that a good morphism is necessarily middling 
good. The converse is false. 
EXAMPLE 2.5. A middling good morphism which is not good. Consider 
the morphism of triangles 
Clearly, this may be completed to a 3 x 3 diagram, namely 
XL Y L’ Z M’ cx 
u 
I I 
';I i 
w I ,ru I 
YA Z --L zx a zy wa zu I zv I z------+ xx 11’ 
I 
3 2i-y 3 2-Z W -zu I -EL. I zw I cx;-r CY ---z+ =z --g+ x2x 
But the map 
(u; v; 0): (X, Y, Z) + (Y, z, CX) 
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is homotopic to zero, and hence the map (u; v; W) is homotopic to (0; 0; w). 
Thus the mapping cone on (u; u; w) is isomorphic to the mapping cone on 
(0; 0; w), and this mapping cone is rarely a triangle (see Section 1, the 
argument for Case 2). 
The question the reader might wonder about next is whether every 
morphism of triangles is middling good. 
EXAMPLE 2.6. A morphism of triangles which is not middling good. Let 
be a morphism of triangles which is not good. Then 
is a morphism of triangles (the bottom row may be viewed as the mapping 
cone on the map 
where the top row is contractible while the bottom row is a triangle, hence 
it is a triangle). The reader will easily verify that the third row in (*) must 
be 
which, by hypothesis, is not a triangle. Thus, in the category T(F) of 
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triangles in F-, there are classes of middling good and good morphisms 
with inclusions 
good all 
morphisms s 
middling good 
morphisms 5 morphisms’ 
and, what is most unsatisfactory is that the good morphisms (which, being 
the most restrictive, are the natural class of morphisms to study) do not 
compose to give good morphisms. 
3. THE NATURAL NOTION OF Goon MORPHISM 
Let & be an additive category, K(d) the category of chain complexes of 
objects in d and homotopy equivalence classes of chain maps. Suppose 
is a commutative square in K(d). Then what is the actual construction of 
the morphism of mapping cones 2 = C(X* Y) + C(X’ ui Y’) = Z’? 
If the reader reflects for a second, a commutative square in K(d) 
is really a homotopy commutative square of chain maps. Thus, to give 
such a square is to give the four chain maps, together with a homotopy 
measuring the non-commutativity of the diagram. We really have a 
diagram 
XAY 
where gu - u’f= dH + Hd (where in one case d is the differential of the 
chain complex X, and in the other case it is the differential of Y’). Of 
course, H is not given; it is only known to exist. Clearly, in the construc- 
tion of h: Z + Z’ we will use U, u’, g, J and H. Thus the ambiguity in the 
choice of h should arise from the ambiguity in the choice of H. Given two 
homotopies H, H’ with 
and 
dH+Hd=gu-u’f 
dH’ + H’d = gu - u% 
481139.1-17 
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we have d(H’ - H) + (H’ - H)d= 0, and thus H’ - H: .J$X + Y is actually 
a chain map. 
The reader will easily check that the definition of h: Z -+ Z’ (via H) is 
If we use H’ to construct h’: Z -+ Z’. we obtain 
and the difference h’ - h is the matrix (i *‘; H), which factors as 
Y-ZACX 
Y 
Y’- Z’- L-X’) ?>’ 
i.e., h’ -h = u’(H - H)w. Thus, among all the coices of h: Z + Z’, there are 
certain preferred ones, namely the ones arising naturally from the construc- 
tion. It is not unnatural now to define 
DEFINITION 3.1. Let X -+ Y + C(X + Y) -+ CX and X’ + Y’ + 
C(X’ --+ Y’) -+ ZX’ be natural triangles (i.e., ones which arise from the 
mapping cone construction). A good morphism of such triangles is a 
commutative diagram 
x”- Y 2 C(X+Y) H zx 
4 gl 4 -I 
X’ --p Y’ - C(X’ -+ Y’) - 2X’ ) 0’ w” 
where h: C(X+ Y) + C(X’ + Y’) is a morphism which arises from the 
construction for some choice of homotopy H: X+ Y’. The ambiguity in h 
is precisely that, for any 0: z;Y + Y’, h’ = h + u’8w has the property that 
(f; g; h’) is also a good morphism. The collection of good morphisms 
(f; g; -) is a principal homogeneous space for the action of the abelian 
group v’ 0 Hom(CX, Y) 0 w. 
Of course, it is customary to consider any sequence isomorphic to 
a triangle to be itself a triangle. However, this immediately leads to a 
difficulty; given two triangles, how will we define good morphisms between 
them? Precisely, if we are given triangles 
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and 
1 1 
I I 
2 
I 
I 
I 
x- Y- C(X+ Y)-----+ cx, 
X’ - Y’ B Z’ - ,zx 
II II PI ‘I 
X’- Y’ - C(X’ + Y’) - ZX’ 
(i.e., the isomorphisms N and fi exhibit the top rows as triangles), then we 
wish to single out some of the morphisms 
,; -Yi Y[ 77 
X’ - Y’- Z’- CX’ 
as being good. It is not unnatural to define h to be good if 
/I/K-‘: C(X-+ Y) -+ C(X’ + Y’) is a good morphism. But this definition 
depends, of course, on the choice of CI and /I. Thus we define 
DEFINITION 3.2. A triangle in K(d) is a diagram 
x+ Y-+Z+CX 
together with an equivalence class of isomorphisms 
x- Y-z-cx 
‘I Ii 4 II 
x- Y- C(X+ Y)- cx. 
Two isomorphisms are equivalent if their composite 
x- Y- C(X+ Y)-zx 
1 1 
I I M-‘I 
1 
I 
x-Y-Z-L-X 
1 1 
I I 
I’ 
I 
I 
I 
x- Y- C(X+ Y)----+CX 
is a good morphism of the natural triangles. 
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Thus we obtain: 
Property 3.3. The sequence X + Y + + Z + CX may be given the 
structure of triangle in many ways. The set of triangles formed from the 
sequence S’ = X -+ Y + Z + CX is a principal homogeneous space for the 
action of the abelian group E/v 0 Hom(CX, Y) 0 W, where E c Hom(Z, Z) is 
defined by 
E= {hEHom(Z,Z) 1 hov=O and woh=O} 
(The reader will note that an isomorphism of triangles 
is good precisely if h = VOW for 8: CX + Y.) 
The following axioms are valid for this new notion of triangle: 
Axiom 3.4. A triangulated category (new version) is an additive 
category y with an automorphism L’: r + r, together with a category 9’ 
of triangles in r. 
There is a faithful forgetful functor F: Y + CT(y) (recall the definition 
of CT(r) from Section 1; the “candidate triangles” are sequences 
X-J& Y -5 Z 4 CX). The following compatibilities hold: 
(GTRl): Suppose X* Y L Z -% CX is an object of CT(r) in 
the image of the functor F. Then its fiber is a category whose objects 
form a pincipal homogeneous space for the action of the group 
E/v 0 Hom(CX, Y) 0 w. 
(GTR2): Given two morphisms S, s S, in 9’, there are induced two 
morphisms F(S,) 3 F(S,), i.e., two morphisms of candidate triangles. 
Suppose they agree on X and Y. Thus we have a diagram 
then h-h’ = v’0w for some 8~ Hom(CY, Y’). Furthermore, for any 
8 E Hom(EX, Y’), (h g, h + v’8w) occurs as the image of some morphism 
s, +s,. 
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(GTR3): The action of E/v 0 Hom(CX, Y) o w described in (GTRl) is 
compatible with morphisms in the obvious way. 
(GTR4): Any morphism X* Y may be completed to at least one 
triangle; i.e., there exists XY Y 4 24 CX in CT(F) which is in the 
image of the functor F. 
(GTRS): Every commutative square may be completed to a 
morphism of triangles; i.e., given 
li zI X’- Y' r 
there exist S, + S, in 9’ with F(S,) + F(S,) being the diagram 
,i -g; -/?r -IiT 
X’ - Y’- Z’- CX’ 
(GTR6) (Turning the triangle): There exist a functor T: 9 -+ 9 
which is 
(1) an isomorphism, 
(2) such that if S is an object of Y, F(S) = XL Y* ZL CA’, 
then FT(S) = Y& Z& CXa CY. 
(GTR7): If f: S, + S2 in S“, and morphisms in 9, then there is 
an object C(S, + S,) in ,Y, and morphisms S2 -+ C(S, -+ S,) 
C(S, + S,) + L’S, which lift the ordinary mapping cone construction. That 
is if FS, + FS, is the diagram 
then F(C(S, -+ S,)) is the object in CT(F) 
(GTR8): Any contractible object in CT(F) is in the image of Y. 
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(GTR9): Any object X of CT(F) isomorphic to an object in the 
image of F is in the image of F. If X and Y are isomorphic objects of 
CT(y) in the image of F, there exist S,, S2 E Y with F(S,) =X, F(S,) = Y 
and S, and S2 isomorphic in Y. 
(GTRlO) (The octahedral axiom): Given three triangles 
X-X 
I - I x’- Y’-Z’-CX’ 
I I 
X” Y” 
I I 
L-x cx 
(by this, of course, we mean triangles in Y whose images under F induce 
this diagram), then the diagram may be completed to a 3 x 3 square 
n-rT 
X’ - Y’ - 2’ - CX’ 
I I II1 I 
X” - Y”- z’- ZX” 
I ,zx----t.zx-+ 0 
(i.e., given triangles S, , S,, and S3 as above, there exists S, in Y such that 
XAX 
I I 
X’ - Y’ 
(1) 
is the image of a morphism S, + S, 
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x - Y'- YU---+ cx 
I Iii I I 
X' - Y' - z' - CX' 
is the image of a morphism S2 + S, 
X’ - Y’ - Z’ - CX’ 
I I III I X” - Y” __f Z’- CX” 
(2) 
(3) 
is the image of a morphism S, -+ S, 
X” - y” __f Z’ - CX” 
I I I I (4) 
cx- ‘xX'- CX" - ‘x=x 
is a morphism S4 + T3S,, where T as in axiom (GTR6) is the functor 
turning the triangle, and the details of (4) are left to the reader. 
Concretely, (l), (2), (3), and (4) mean that all naturally occurring 
morphisms of triangles in the octahedral lemma are good morphisms. 
We leave it to the reader to check that the new notion of triangulated 
categories localizes well; the derived category also carries with it a natural 
structure of (new) triangulated category. Furthermore, it is obvious that 
the standard functors of derived categories, i.e., RHO,,,, 0, and derived 
functors of left-exact functors are all triangulated in the new sense. 
The referee asked if the stable homotopy category admits a new 
triangulated structure. This is a good question, and the answer is “yes”. In 
fact, it is almost certainly true that, starting with any reasonable category 
with calibration and weak equivalences (a la Waldhausen), one can obtain 
a triangulated category by inverting the weak equivalences and suspension 
functor. I do not want to discuss this point in detail here, but I hope to be 
able to say more about it in the future. Notably, I want to know the 
relation between Waldhausen’s K-theory and the one obtained from the 
triangulated category. These are almost certainly not always the same. 
To answer the referee’s narrower question, one observes that as in the 
algebraic setup, a commutative square in the homotopy category is a 
diagram 
X&Y 
II d 
A-------+ Y’ c’ 
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which commutes up to a homotopy, but the homotopy is not unique. 
Given two homotopies, H, H’: X+ Y’, they give rise to maps Xx I 11: Y’, 
where H and H’ agree on Xx (0) and Xx { 1 }. Thus they may be glued 
to give a map Xx S’-+ Y’, and the only problem arises froom the base 
point: it is not clear that the map factors through Xx S’ +A’ A S’ = 
CX+ Y’. This turns out to be a minor difficulty that can easily be over- 
come by suspending the map enough (I can do it after two suspensions, but 
one should undoubtedly be enough.) Stably, therefore, H-H’ factors as a 
map ZX+ Y’, and the rest of the argument carries through. 
4. THE RELATION WITH K-THEORY 
The one serious flaw with the axioms presented in Section 3 is the non- 
functoriality of GT7. Given a commutative square 
in Y, there is no good reason to expect the induced map C(S, + S,) -+ 
C(S; + S2) to be a good morphism. This leads to a higher theory of 
triangulated categories, which we will discuss in subsequent papers. To 
show why this is a problem, let us give the following theorem, true for 
triangulated categories in which all triangles are contractible. We will cast 
the proof in the language of [NJ, and we will use the notation of new 
triangulated categories, although the axioms of Section 3 do not quite 
suffice for the argument to go through--except, of course, in the contractible 
case. 
THEOREM 4.1. Let F be a triangulated category in which all triangles are 
contractible. Then any diagram 
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in Y may be completed to a simplex in 
i.e., there is a choice of objects, morphisms, and triangles 
X,” - . - x PY 
x00 - . ..- x 04 
and d:Xp,-+CXoo such thatfor all O~i<i’~p, O<j<j’<q, there is a 
triangle Ti3 II, j. iS E .4p such that F( Ti,i,, i, i,) is 
xi, -+ Xiflj@ x,, -3 x,,,, -+ cx, 
andsuch that given O<i,<i;<p, O<jl<j;<q, O<i,<i;<p, O<j,< 
j; d q such that i, < i,, ii <ii, j, d j,, andj; <j;, then there is a morphism 
in Y T,, ii ,,i; -+ TiZiihil whose image under F is 
(naively, we require that all “reasonable” morphisms of triangles be good). 
Proof of Theorem 4.1. The proof is by induction. Observe first that by 
[N, Lemma 2.11 we know the theorem for q=2, p = 1. In fact, a semi- 
cautious reading of the proof tells us more; it says that any diagram 
x10 - x,1 
x00 - x01 - x0, 
may be completed to a simplex. From this observation, we will now deduce 
the case p = 1, q arbitrary, by induction on q. 
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Suppose we know the theorem holds for a given q. Suppose we are given 
a diagram 
X ,“’ . ..- x ‘4 
I 1 
xoa- . ..-x 04 -x Oq+l 
and a differential Xi, + ZX,,, and compatible choices of objects 
S o, ,,i,,, E Y of 0 <<j<j’ <q. In particular, there is an object So,,, E Y, and 
we know that there is a simplex Soloy+, giving a diagram 
A moment’s thought will persuade the reader that the difficulty is to give 
the structure of a triangle to the sequence 
which is an object in CT(F). (In the old terminology, we would merely 
have wanted to prove this to be a triangle; here we need to wisely choose 
a triangle which maps to this sequence.) But we have morphisms of 
trawles Solo, -+ Soloy + Soloq + 1. Because Y is a category these good 
morphisms compose. The mapping cone C(S,,,, + Soloy + 1) is an object of 
Y whose image is the mapping cone on the map 
x00 - xlO@xOj - x- 1J - cxoo 
I I I I 
x00 - x,00x0,+, - x ly+ I - ~Xoo, 
i.e., it is the sequence 
and the key point is that this is isomorphic in CT(F) to the direct sum of 
the sequence 
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and the contractible complex 
Now give X0, .+ X, 0 X0, + I--* Xl, + ,+ CX,, the structure of a triangle 
in such a way that the inclusion into the direct summand is a map of 
triangles. 
This proves the theorem in the case p = 1, q arbitrary. The general case 
now follows by induction on p and q. Suppose we know the theorem for 
some p and q arbitrary, and for p + 1 and fixed q. We need it for q + 1 and 
p + 1. We have a diagram 
x p+ IO -X P+ 14 
I I 
X,” - x PY -x PY+ 1 
I I I 
x0, - x 04 - x Oq+lr 
hence a morphism of triangles 
S OPOY + soPoY + 10 sop + ,0q 
which, by the 3 x 3 lemma (the proof of Proposition 1.1.11 in [BBD] 
works in the new setup) can be completed to a 3 x 3 diagram. That is, there 
is an object S,, loy+ , E 9 and morphisms of triangles Sopoy + Sopoy + 1 0 
S Op+lOy’SOp+lOy+lr such that every column is a triangle; precisely, the 
diagram is 
’ x0,0 x,0 ‘XP, - 
00’ ~p+loo~o,o~poo~o,+, - ~p+lOO~Oy+l - 
x00 *X p+10@~Oy+l PX p+l.y+l - 
Once again, a careful study of this diagram will show that what needs 
establishing is that for 0 < i < p, 0 d j < q, the sequence 
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can be given the structure of a triangle; the proof is essentially the same as 
in the casep=l. 1 
5. OTHER APPLICATIONS 
THEOREM 5.1. Let 9 be a triangulated category (in the new sense) with 
a t-structure. If %T is the heart of 5, there is a morphism Db(QY) -+ F. 
Proof. The hard part of the proof is to establish that there exists a map 
from rp: C?(g) + F-, where C”(w) are the bounded chain complexes. We do 
it inductively. Let C,,,,, (%‘) be the chain complexes of objects of V suppor- 
ted in dimensions between m and n. If m = n, the map clearly exists: it is 
Thus, it is enough to prove the induction step, which for convenience of 
notation we write as follows. 
Suppose we know there is a map cp: C,,,,,(g) -+ 5. Can it be extended 
to a map C,,,,(w) + F? 
It is very clear what to do. An object X of C,,,,,(g) is a map X0 + X3’, 
where X0 E w and Xal E C,,,,,,(V) is the truncation of the complex above 
dimension 0. Clearly, X should be sent to the cone on cp(X,) + cp(X”‘). 
With the classical definition of a triangulated category, this was not clearly 
unique. With our new notion, it is unique up to canonical isomorphism. 
Given a good isomorphism of triangles 
&X0) - q(X”‘) - cp(X) - WXO) 
I 
I 
1 
I 
l+h 
I 
1 
I 
cp(Xo) - cp(P’) - cp(W - -wXo) 5 
then h = vow, where 8: Cq(X,) -+ ‘p(P ‘) must be zero, being a map from 
C(p(X,) E F<O to cp(X”‘) E Tao. B 
Remark 5.2. Theorem 5.1 is, of course, known, at least in some version. 
This proof has the virtue that it makes no appeal to filtered derived 
categories. 
5.3. Solution to a Problem of Rickard. Let 0: D’(d) -+ D”(d) be a 
triangulated functor (new definition). Suppose that on d c Db(&) 0 is the 
identity functor. Then 0 is naturally isomorphic to the identity. 
Proqf: Same as the proof of Theorem 5.1. 1 
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